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|Iso-parametric Element

The element in which the field variables and physical variable
are approximated in the same way are called as iso-parametric
element.

=N, + Nu, + Nu, + Nu, x=Nx, + N,x, + N,x; + N, x,
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Sub-parametric Element

* The element in which the field variables are approximated
by higher degree polynomial than physical are called as
iso-parametric element.

u=Nu, +N,u, + Nyu; + Nju, + Nous + Naug + Nou, + N
v=Nv,+ Ny, + N;3v; + Nyv, + Nov. + Nove + Nov, + Ngvg

x=Nx +N,x, +N,x, +N,x,
y= N1y1 +N2.V3 "'Naya +N4y4
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Super-parametric Element

* The element in which the field variables are approximated
by lower degree polynomial than physical are called as
super-parametric element.

u=Nu, +N,u, + Nyu; + N,u,
v=Nyv, +N,v, + N;v; + N,v,
x=Nx +N,x, + Nyx; + N,x, + Nox; + Nox, + Nox, + Nex,

v=Ny+N, v, + Ny, + Ny, + Ny. + Ny, + N v, + N, v,
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Jacobian Matrix:

It is used for transforming natural coordinates to global
coordinates and vice versa.

It is defined as the ratio of the sizes of the element in physical
and natural coordinate system.

In one dimension, it is a ratio of infinitesimal length in the
physical coordinates to the corresponding mapped length in
natural coordinates.

x_ﬂ+b+b—a§
o : > x 22
Physical coordinates _
g b—a Je
3 —> :
Natural Coordinates dx = Jd& J _ b —d
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In two dimension, the determinant of the jacobian matrix is
the ratio of infinitesimal area in physical coordinate to that in

natural coordinates.

In three dimension, the determinant of the jacobian matrix is
the ratio of infinitesimal volume in physical coordinate to that
in natural coordinate system.
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2 Noded Bar Element

* The shape function can be derived using lagrangean
polynomial for one dimensional and can be extended to 2 and
3 dimensional problem.

X X2 Hng Xn ¥

X=X, X=X, o. X=X,

N (x) =

i)

X, =X, X, —X, ... X,—X

n n-1
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For 2 noded bar element:

Xy X, é
-1 +1
X—X X—X X—X
1 2 n—-1
N, (x) =
‘xn — xl ‘xn — xE xu — x}:—l
- X, E-1 1-&
Nl(é): — —
X, — X, -1-1 2
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For 3 noded bar element:

r-‘rl ‘r_.}:f} I Y_YH 1
X, X X, é N (x)= =
3 : 1 X =X X, =X, ... X —X .
X=X, X—X, E-0 &-1 E1-&
Nl(g): — —
X, =X, X —X, -1-0 -1-1 2

N (&) = X-x, x-x;  ¢—-(-1) ¢-1
T x-x x-x 0-(-D 0-1

=y

1+¢& &-1 ;
-1
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For 3 noded bar element:

X, X2 Xy é

X—X X—X, S-(-1) &£-0

1+& &

N é — — =
2 X,—x, x,-x, 1-(=1) 1-0
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For 4-noded element:

1 X2 X3 X,
s — =

1 (1/3) (1/3) +1

X=X, X=X, ... X—X, |

N, (x) =

X —X X =X ... X —X

n n—1

X=X, X—X; X-—X,
N,(&)= =
X=X, X —X; X —X,

E—(-1/3) &-1/3 &-1
~1-(-1/3) -1-1/3 -1-1

LA (éz—lj
16 9
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X—X X—X X—X
Nl(g): 1 3 4 _

X, =X, X,—X; X,—X,

S-(-1) &-1/3 &-1

(-1/3)=(=1) (=1/3)-1/3 (~1/3)-1
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X—X, X—-X, X-—X,
N;(&) = =

E-(-1) &-(-1/3) &-1
(1/3)=(=1) (1/3)-(=1/3) (1/3)-1

27 , 1
— ]1-£&- + —
@ (#+3)
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X=X, X—=X, X-—X,
N,(&) = » =

g X Xy T Xy Xy T A

E—(-1) &-(-1/3) &-1/3
1-(=1) 1-(-1/3) 1-1/3

9 , 1
— 14 - _
T [é 9)
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6-Noded Triangular Element

In natural coordinate the shape function for ith node can be
written as

N =a& +b& +c&i+d s +ed 6+ f88 g
e . 3 (0,0,1)

- 5(0,1/2,1/2)

(1/2,0,/2 \

*— — 1
1(1,0,0) (1/2,1/2,0)

6-noded triangular element
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For deriving the shape function for N1

N, = a&l +bE & +dgs, test 54 —2

The shape function has 0 value at all other node except 1, where
itis 1.
Atnode2, & =&, =0,¢, =1

b =0
Atnode3, ¢ =¢& =0, =1

c, =0
Atnode5, & =&, =(1/2),5 =0

e =0

Atnodel, & =& =0,8 =1

a, =1
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Atnoded, & =&, =(1/2),5,=0
d, =-1
Atnode6, & =&,=(1/2).5,=0
f,=-1

Substituting the values in equation (2) gives,
2
N, =¢ =55, — 55
2
N] — 51 _él(ég +§3)

N, =¢25-H) 3
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Similarly the shape function for the N2 and N3 can be written as
For N2

N, = a3§12 +b2‘§22 +03§§ +dz§1§2 +e,5,&, +f2é-:’1§3 -4

Finding the unknown a2, b2, c2, d2, e2 and f2 and substituting in
equation (4) gives

N2 — {gg (252 - 1) _______ 5
FOrN3 N, = a8 +h,& +0,8 +di5& ve b6+ 55— 5

Finding the unknown a3, b3, ¢3, d3, e3 and f3 and substituting in
equation (6) gives

N3=§3(2§3_1) ------- 7
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For deriving the expression for N4

N, = "34512 +b4«§§ 'I'("sl‘)%2 +d ¢, te b8 + f,58 8
The shape function has 0 value at all other node except 4, where
itis 1.
Atnodel, &, =&,=0,8 =1

a, =0
Atnodez, '51 253 :0’%:2 =1
b, =0
At node 3, g =§2=0v§3 1
c,=0
At node 5, & =6=(01/2),5=0
e, =0
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Atnode6, & =& =(1/2),5 =0

fi=0
Atnoded, & =&, =(1/2),& =0

d,=4

Substituting the values in equation (8) gives,

N, =45¢, -—-==-3

Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari

21



Similarly the shape function for the N5 and N6 can be written as
For N5

N; = a;&] +b,8; +o,& +d; &8, +es,8 + f,58, —10

Finding the unknown a5, b5, c5, d5, e5 and f5 and substituting in
equation (10) gives

Ny =4g,¢,

For N6 N, =a&’ +b& +c & +d EE +e & & + [,EE - 12

Finding the unknown a6, b6, c6, d6, e6 and f6 and substituting in
equation (12) gives

Ng=4&¢, 13
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The shape function of the 6-noded triangular element are
N, =¢,(28 -1)
N, =¢,(25,-1)
N, =&,(25,-1)

N4 - 45162
Ns - 45263
Nﬁ - 46163
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Numerical Integration

* The process of numerical integration is known as quadrature.

* Integration is basically a process of summation.

« Area under the curve S = S (x)Ax + f(x,)Ax + f(x;)Ax

NN\
AN

e If M—0,&n—>0c0 pytdefinite part

S=;f(x,~)/3x ......... (1)

= J' f(x)dx
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Newton Cote’s Quadrature

If in equation (1) Ax is considered as a weight then If(x)dx IS
considered to be approximately weighted sum of function values
at discrete sampling points.

[ f(x)dx = ilf(xf)ax

* Weight need to be equal and sampling point need not be
equally spaced.

* In newton cotes, sampling point is taken as equally spaced and
specified before finding weights.

* N-value of function define polynomial of degree n-1

Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari

25



Newton Cotes Quadrature

N-point newton cotes formula

I = J.f(é)dé - iw;f(é) """ (2)

If the limits of integration are different then they can be
transformed to -1 to +1 with the help of linear transformation.

x_(a+b)+(b—ajé

2 2 )7 T )
b-a

dx = d

x(zlé
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2-Point Newton Cotes formula

The expression for two point newton cotes formula for
sampling point -1, +1 is written as

1= [ f(©)dE = w f (=) +w, f (+1) o

Two sampling point chosen -1 and +1 for polynomial

f(&)=a+bs
At £=-1, f(-D)=a-b - (i)
At £=+1, f(+1)=a+b - (ii)

Solving equation (i) and (ii) for values of aand b

a- %[f(ﬂ) L] b= %[f(ﬂ) 1)
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We know,  r(&)=q+be

1 1 5
J f(&)ds =] (a+bs)ds -[aéﬁ’%} =2(@)+0 - (5)
-1 -1 -1

Substituting the value of ‘@’ in equation (5)

[ £z =2x- (- + £

JF©dE=[fEDH D] w =1, =1

This is called the trapezoidal rule.
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3 point Newton Cotes Formula

Three sampling pointare &=-1,£=0,&=+1
The approximate function is f(é) =d +b§ +C§2

1=[" £(©)dE = w [ (D) +w, f(0) 4wy f(+]) 7
j.f(i)dé =j.(a+b§ +eEh)dE =2a +%c

For finding the value of a, b, ¢, evaluating the function /(&) at
sampling point E=—1E=0.E=+1
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f(-H)=a-b+c - (i)
fO@=a (i)
f-D=a+b+c -—- (iii)

Solving equation (i), (ii) and (iii) for finding the values of c

VAGDENAOREIAC),
2

Substituting the values of ‘@’ and ‘c’ in equation (8)

J f©)ds=2a+=c 2f(0)+§{f(—l)+f;1)—2f(0)}

=2 SEDHAO M) )

This is called Simpson’s (1/3) rule.
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Thank You
For Your Attention
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